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'^^^Mim^OF_jmjmM_AIjmMT  GUNFIRE lRAjy.c^nmv<, 

Abstract 

Based on the caialvsls bv  FO-WIPT r'-iii^.-, T ^^^   - -■-, • 
Of tbe .otion of a spinning'pro rctlieli^f^i^^^^der^vef^ 
tne coi^putaxion 0.^ the frajectorie., influenced by yav of HUIIPL 
lirea fpo.o '.oving aircraft.  The eaur^Uon.. are -ooli^^bl  t^ 

aS th^'?r:i?^"'^??"^^^' '''^  nutational ualoln^^Ja^cs are enual 
e?oeri'entalli-^.f^•''"''" °'''^''^^^ ^^°"^ ^^'^^Pi^^ ^^^'^^s have be^n ' ex.peri.T.entally ueter^^aned, as veil as to 37im  snell  /n 110-,^; •. 

•:^,;^''^^°"^g:^^°^'  The motion of a bullet about itc, center of ^^c, 
influences the ^-otion of its center of •-;^oc.   0.;^^: tv!    •^- '; 
conditions of projection of bSll^ts ?Led1;ont ^^vi?^ ^Jr'r^'t 
are in general such as to produce .otion abo^t the 0"^!^; of  is 
of ^3.s ^riS-" ^^^^f ^^y to consider the :notion about tSecent^^ 
I'f^lt^^^^"   coniputation of aircraft firing tables.  The aS?hor's 
invcStigc;tions navmg led to for-'ui--P nc■f.^^^^ ■',■, +'     "I' '^^■^'-^^^'^  s 
sucn tables  his vo^nlf^  ■■^-   ^^^^"^-^^^^ .^p^^-^^ ^n tae co„iputation of 

center S':^ass^innuenc s'^JS^/? rfn^LSIe'V ^f r "^^   ^'^"^ ^^^^ 
ed arag ana (2) through the nvlno^ge }S'p"! ^'^ '"''"^" "" "^^^^^^^- 

^-  Tra.iectorier When Y^:v Fff-^r-t^^ Are Np^^ect^d   TOP or ^^ 
computing ^Ir^HiyiTEfTFi-t^ efSo?r:'e :^V%'°" 
^unnlr.h    '^^'^ ^""^^f^* ^^^^° ''  '"^^^^ advantag;.ous for-^ byl     " 
be  a  ^ightlh^d^d'^^f o?^'  f"'   "'  ?^"'"^^ as'follows.     Let  i^;. 
rr   n   f-^f  ^     i       "^^  °^   orthogonal   ^xes   loving   with   the  r,ircv.% 

-na  navmg  tnelr  origin at  the  mizzle  of  th-  ^un     -nV   -]\: 't^^. 
■verticali^' vvv-vl     t>ie  7  -yi-   ~,^-5n+-T^-   ■     f-'   ^     '   ^^ ^ - ^'~~^   Pointing 
or  the  .ircraft   (t.;;en fo"be-„o?  zon^tlK     nd  ihrf^S-.^^.l^iff * 

SM;pf:; f;/::.:.'?pf,j;«f---ht"'tSe"^L:f St/^? LS= " 
.-X-, «na ^jun t-ic.t tne origins coincide at the instant of 

RhSTRI. 



rir-ipff       TV^e   uvitiaL  ct):r;por]pntb  of  velocity of the  iDullet,   in. the 
primed   :'y3te:n,   are  t/ius ^^  cos  2,   v^  sin Z sin A,   and v^ £in Z 

cos i. + v»  vhere V,    Is  the muzzle  velocity nnu w is  the  true  ^;ir 

soeec  or  the aircraft.     It  foliovs  that  the  inimal  true  air  speed 
of the hullet is  u„,   i:,Uren  oy■■ "'   . "  ■  ' ;. 

u^   =  v^  +  2vv     sin Z  cos A +  v" (l) coo 

an'^ -H^^'r ;f £'t,er a tir^e of flight _o the Siacci ..coordinates of the 
bullet in the ^ primed ^.yste?" of axes are t>, Q, then the cooralnat^es 
of  the  hul.Let   in   the   -y^tem :.,y, z -Tiovin^ , with t;ie-aircraxt  are 

(?v^/u^)   cos  Z  -  C,   (Hv^/u^)   sin  Z  sin  A,   (?/u^) (v^sin Z  cos  A>v)-v1^, 

H--—<^   '-   i5  th^^  Gi'^-'-vce,   iBeasured  alo-g  tae  liaf;   of departure  in ,the 
-r^icd  pvsto-r-  of aa-r,   froiri tn.o   origin to a  point  directly ahcv-e 
the  bulietj   the   '^aro^^"'  Q  is.   the   distaucG  from  the  point  to  the 
ha:; let. 

L*-t ^ , n , C 'Jc  orlhOf;oTaa sxes rtoving v;ith the  aircfaft; ^ , 
a'ona  the'bore  axis,   -q  in  a   vertical   plane through ti-e  bore axis 
ard  dir'^cted away frcm the ground^and C.   horlrrantal ai'd  pointlTig 
to  tiie rxght  of tzie   oore axis.     The  relation  oetv eon the x,y,2 
ana ^ , n ,   J^ axes   if   given by  tne  sche;:iti- , 

X   . y z ■'■..' 

^ cos Z       sin. 2  sir A       sih Z  cos A 
T} oin Z    -cos  Z  sin A     -cos  Z  cos'A 
r 0 cos A . -sin A 

and  tnuL: 

I    =:  - t sin Z   co£-  A  - 0  cos  t  +  ^^o'^% 
^   --      T cos  Z   cos  A  - Q  sin Z. ('") 

j;   =      T sin A 

vnere 

..   T     -   V(t    -   ^   ). 
O 

Taf^ nui^etiGal pT-oceoure in co-nputing an uns^is Lurbed irajccto-y 
U-\ 'aer-'ly to cornpute t, and ^ for any given P. Then T. is couiuuted, 
e.nu  th-  equations   (2)   &i'^^' ^>  ^>   ^'^^  ^'     '^'^'-   slant  range, -D,   is 
oit.: 1.:- -'   iir-o 

.r  = - -  ,^-  e  :^ (3) 

ana  ta.e,   i:::e   leterai   ;,.. flectio,., X ,   ana   tee   v.7rtical   .efxection, u  , 
in  suf^uler     --r.v.r.,,   are    a^taia.::,   frc.::  tech r  eci^dtio.s   tnus 

sin /^ ~ "'/D /J\ 

K~PTal>";Tt'D 



■ ivoxaI'-/n I) 

The  quantity   A is  tieriaea 
^^na   tnQ , vertic-il -)lan 

sa^e  1  n; t^.   .L. '^!^^^^;^ ^  ^-^  uefihed  as the  angle  heXAfe^n'tn^-^^^-'^^'*   ^"^  ''Ucuicif 

f..™i,,h vf.i,ue-s   n-xrM,-'na1',,f 44?°j''!!? .^^  interpolation? 

^  =   (c/p)(T  - T^} 

15) 

'   '   (6) 

C  =  (cV;p^)U  - i;  )  .   (e/,p)i 

"o' 

:'^'^^   P   is  the  relative   air r^^ncif:^^'  ^-^r^'  ^allisUc  cor-rriejc- 

been  reg.i.ciea.-a«  su??iJ?enti;%^':'j:--^T'f'  ^"^^^^^^  tables^.    . 
of   p  along  a  tr. jeetor?; an?'to'u^^   '. ^^'  ^^""^^   ^'^^  var,,,,!., gun. •'''   ^"^'   ^-^  u-e   tae  va^ue  tnax:  exiles  ^r   ■   ,, 

g-^*:r:;l 
Pna  m oraer  to  chnfn-cr,  to   ha«  n*?l°^"r. ^^-^^^i^^--ent  of ^e:^ 
uxc^er notations,   it viU   be 1 ec-s^tf ^? ■''^"""'■"'^ Labaratorv -., 
3y;,.oola  a::   ix.  Pect:on  ? -4^ npi^:'^^^ "r H^ ^^^^^   -'^^^a   or tne  s/r,. 
right-hanueci  axe.   .;ovit-vi.     t,;:^^?"'''^!^-     Consiaera  set  of 
^^   that   tbe  axic;   QI   .:"7H:^;::'  ^•^-   ^-ngent   to   the   ;na«n^  tr- i-^t-. 
xn  the  airection  of ...tlon,   vntP jf i;^ '^ .: "^   tr^aj.ctory u^awn   ^' 

aboartS ^Z^^^ J'   "''"  bullet-.  ,,is   .:;;     , 'ni<-^H ''^•.   ^'^^?^^^   ^-^^ 
^,.   H :,.ri!:..^^'^^^-   '-i   mass  consists   (i)    -^'V- "'•-     ' *'"     -'^tion 
vibratra^v  'otfon       i     ^naircrt^it  firir:,:  t. D  r ■  '"        ^^   -^^'^i-^'^^^ 
^<~     '^^'{ ':'^^^'^^^-     -^'^e vibrators 'lai in-   ■ ^.--h:   T^   "' ''   <v   of r; 
;■&  dbsociataa vitb  a  vibpar;or   ^- * "' ^ ■•  ^ '-   e,.<;c^- of  ::a<-<:i 

v-.oaity vac:or  of   t il^fn^^:' J-'\ ^^^f^tion  co.ines^f  ahe        '- 

j'-^'-'j   -ne n^;..  very ner.ri^i 
•   -  —-4.5    bcoFcp      ..-..., ^..„.^,,.„., 

*™Sc;::;S^r^.%^s;t.^^':;':-:,:---" --^^ t. act., 
HESTalC?- n 
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where   h  is  the  angle  of y.:."w,   end (p  IG  tlie luigle  of  orientotion 
of the  y'-*v.     Tnt-, angles  S  and tp are  reierrca  to  the  instanisneous 
oirection of i.aotion of trie  center  of  -IJ^SS,   pna  are  '^pMropriate 
to yav-c3.rd'''neasure'nents.     The  angles  b'   juid  ci?'   fiessured  by  spar'-c 
photography,   on  tne  other hand,   are  referred  to  t:'ie  ■'Aesn  trajectory 
and  those angles  ar^   related ti  the ^^  and n  in  the  sa-Te way es  h 
and  CO  are, related   to J_ and  k.     As  vill  later   ne  seen,   the  aif- 
ference  betveen  the   tvo vaj'-g   of  "-easurixig  tne  y^vs   involves   only 
V fird ^,  "which are  of the  order for .aost  projectile;; ,of only a  fev 
percent' of tne  yav  angles.     Tie  ouantities J, ana  k ■'■'^y ho  cFlled 
the   "rectangular  coi.iponents''   ox" f'^e  yav. 

It  followg   from  the  results   of Fov/ler**   (tneir  equation  4.01) 
et £l, that  the  ^notion  is  given  by a   linear  no.nbina •:ion of. the 
solutioris 

j   =  oos  n, t,       ic -  sin n^tj 

j  =  sin  n-,t,       A   --  -cos  n-,t; 

• (9) 
i   =  cos  n^t,       K -  sm n^t; 

<; *■- 

j   =  sin n^,t,       ;c =  -cos  n^.t 

vith  four  coefficienta   that  are  slowly varying   functions  of  tne 
tine.     Here 

n^  =   (/iN/2B)(l  +  b) 

n.  -   (ii?^/23)(l -  p) (10) 

where 

P  =   (1  - ^)i 

In eouations (10), A and B are respectiveiy the axial aao tr^ais- 
verae rrioiaents of inertia, N is tho spin in radians .x-^r second 
reckoned pcsi-cive if right-hanced, ane s. is the stability factor 
given by -^'•■'' 

where |j.-la-,..ttie moment factor 

|X ■- P.n'" d^ d,^ 

in vnicli p,_, is the air oensity, u is tde vtlo:]*-'- of the sulltt 

K,. is thr_ overturning ■"ao.:.eua CSOJ-f idont, and 0 i^ t'l- (PLis •-;,:.+^ ,- 

of the bullet. 

■^•x    FoTTler,  Gallop,  Lock and Riohnoncl,  Phil.   Trans.  Hc-nl Goc.' A.  Vol     ^21 
D.   295,   1920.   . ;    ' • 
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nr -'"1 ;.r T ,->iri r p. 

The slo-w varir.tion of the coefficients of t'.ie periodic terms  , 
proceed as follows.  The coefficients of t:ie term's involvirg r^-^ 

consist of constant factors, arbitrarily aisposable, aultiplied by 
the G^mping factor 

/(L^^^.L^^J^J^)  at 
-hi' "P p   e 

and the coefficients of the ter.r.s involving n^ consist of arbitr- 

arily disposable constant r:.Gtor£, cultiplied bj  the damping factor 

P  e 
-/(H^-^-5ir^)" 

\;nero 

f = o^ud^Cy/3 

X = 0 ud^K-r /m 
' a   ij 

^f = p^ud^j/A. 

In the. preced4-ng cowjtions m is the -"lass of tne ..rojectile, ann K^^, 

K., and K^ ane tne  ui;aensionless yaving ^fioaervfe, cross vind force, 

ann Magrnis mo'fient coefficients. ,   ^ .. 

The motion about the. center of nass has a -isple geornet^-lcal 
inttrpretauion, v.'hich facilitates one's'clear conception of tne 
mature of the yaving niotion.  Ignore for the moment the grsdual 
variation of the coefficients of tne terms (9). Then J., &  are 
the rectangular cooI'cinat&S of a point n vhich is rotating in a 
ciociwise direction at an angular rate n^ (algebraicilly) in a 

circular path of radius a-,, whose cent, r is a point 8_ that des- 

cribes a circle'^of radius f.,   clocls^^ise around tne origin at an 

angular rate n- (alt^'ebralc^dly) . 
i<. 

RESTRICT-D 
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^ 

The ciockvlse angle fro?n the j-axis to the radius vector to R is 
the. angle of  orientation: of the yaw, qjj anc the distance of R  fron! 
the origin is the angle of yav, 6.  It is seen that the motion is 
;.'ierely eplcycllc, to the accuracy of Fovler ^ al;.'s analysis. 
Tne part of the motion involving n-., nau.ely the rotation in a 

circxe ox raaiu; 1 a rate n,, r^iay be called the ''n-itation-; 

the rotation in a circle oJ radius a^ at the slover rate n. mav 

be called " i- ■ 'GC' -Sf-.ion'^; the resultant of the nutation and pre- 
cession is tne compi'gte yawing motion.  Tne periodic varisti-on 
of the ancle h  of cmirse involves n. - n^ tiaus 

,2 - L? + a?, +   /a-ia,,cos(n-, - n^)t 
1    ^     1   '^        ^   1 ^ (11) 

if  tite  ti.iie  is  measured from a   -suitable   instant.     i;ne  '..ay  call  a 
the   ''a:ipiitu(]e"   >:f  the  nutatioi.,   and  a.,   tha  ani-litude   of  the 

1 
re- 

cession. The slow variation of the coefficients, described on the 
previous page, involves merely.a gradual variation of the two 
amplitudes, at rates which are in general different for the two, 
and does not otherwise alter the geometrical interoretatlon that' 
has been given. 

The rates of variation, or of "damping", of the arr.plitudes 
oiay be experimentally determined, by yaw-cards or spark p^aoto- 
graphs. The maximum angle of yaw is clearly a-, +  a^, and the 

minimum angle of yaw is clearly ja^ - a^j . Now it has been ex- 

perimentally determined-*^, for all the small arms bullets that 
have been so studied as well as for a 37mra projectile, that if 

By P. Hitchcock 
-6- 

R£;STRICTFuD 



RESJCRICTL'D 

the  rjiinlmuia yav la-.   -• a^j is  initially  i:ero,   Lz   re.^viirs   zero.     This 

can iDG  true only  if tne  precesi;iorial anc  rratai.ionci damping  rates, 
of  tno^e ■ bullets,   ar--  eq-jal;   Tor  in   the  expcritiients  a-j^ +  a^ vas 

not  aero.     It  follovij.  th?t   for  such bullets  f - x   +-  <'y- 0,   r.nci 
tMat  both camping  iactors  may be   written 

vhere  P  is  tne  distance  the  bulitt has   travelled,   ana  is  very 
nearly equal  tothe Si&cci   ''P",   tov  aircr:^ft tr^ jectorioo.     The 
const?.nt a may be  experimentally dettrmiiieci,   and   1^-   iL)dc,:er.dcr.t 
of vt'locity and airuenGity to   the  extent  that K.,   and /L^ aa-e   so 

independent: 

a = d^Vg/ZB +  d'^Kj^/Jm. (llA) 

A.  Vibrations of the Center of ^4css.  Thfe "Windage Juar". 
bMUstions (9) of tha" .^.,...t 30ctic.\, enu the discussion oi ; i- dAimp- 
ing rate:::, chov taet the ^-rnplete solution ci' tne vinraicry ,  ' : ■ 
:u.'.aion -;ay ee vri':te;i as 

in,t-XTt    . in„t-X^t 

where K-, and K- are tvo cjomolea constants, the.X's correspona to 

the daiaplng* rates oec  asQond, ir.i ^thsre  the real p^^rt  of r, is ± 
• while the co;r,plex part" is tc.  Provided, as is true for oircr-aft 
trajectories, that the inclination o£  the mean trajectory changes 
only, slovly with the time, iz  follovs fron equation (3.^'15) of 
Fovier et. al. that y End z  are the real and coispiex aart:j, re:j:.ec- 
tively, of the ti;ae integral of xr, , na :elv 

XK,   in.t-X., t   KK.    in,t-X t 
i-     i-  u.  ,    >-   -  <i  <- 

1  i ^;  <- 

The XI s are very sHiaLl  comparea vita:   ..at   n's,   and   thus ^ and   z 
p«rforra viorations   similar  to j_ nna X,   '■ ataa -•aaplituues  eqar.l  to 
the  ainp^ttudes  oi J. and ]c raaltiplied   oy  K/U^   .or  the nutation am. 
x./n~  for the  preccesioi,   'inn with  paases  that  ia.a  90°   bahina. 

Consider 2   bullet'tha c   ststts   its iSotion  vith an  ra.glc   of  yav 
h   ,   an  orlentaaion angle cp = 90°,   and vii:h '6  and  (p  both  er;iti:illy 
eoual  tp 2Gro,     This  situation arises vhcn shooting to  st?:: fboard 
horizontally frota a  moving  aircraft.     The  diygram bvlov  shovs 

-7- r 



ni^u^ X r.x^d. -.-1-- 

that 

md  thus 

^1  =  "^T^o'^^^l ~  ""-^^     ^2  " '^1 ̂ /(^l  - ^'2^- 

The   orientation  an=le OJ.   vi^^   o. t C£ss,..o<.   i->^-   J 
270°,   irrrci-^xiy.     Thus  the   inltica value  of   z  ILS   ^ero,   aT d tac 
initial  value,  a,   of x is 

. i^^l       1 
n. 1 

^h ^^i-^^2, ~ ^1 ''i-'^^-^ 

=    K.0 
I     < 

=   y;6. 

j-i...     ij    u 

md K,^^ u^ 
(10 

I?f''.ouStr'fofa^gll;n Duli.t, depends essentially^only on the 
Xt. ..xoai.L,      6     ^^_ ^^^ initial air soreG oi the hu.xet, u^. 
in i tic 

•^he  ^ rc^edlnp  aerlvatlor. of  the ror^-^uia   ^.J.  )   xor  w^i-uat^ 
3U:u. ;'3.t^frci Iqaa.ion   (3.:iO   oi   Fowler |i^ai       The   tol  oving 
'uprrn-^ve  derivation of   the   same  equation   U^>>   '^r*' '"V^ '  '  '   " 
If CO   ---.   -t   pv-h  ri-o-vus,   and  is   soraevn'3t  longer,   has   t-xt:  .^u- 
vanLee  of^^eirg  more  intuiUveiy obvious.     The  coinpcnents   of  tae 

^£:^TRICTED 



cross  viaci   force  in  toe  dire:;tions  02 anu _03  give  rise  to 
OGcelerat ions   of  the  ■•o.-iter  of i^ivss 

y  = x(--:.2Sin n,t +  a, sin i!,t) 

:'  ^ xCa^cos n^t - a^cos ri,t) 

if  aui:}ping  is neglected.     Inta^vazlnc., 

y = K(-^ COS n.,t  - ~ cos  n, t) 
<- 1 

-  = ^(^ ^in n^t  -^ sin n3_t) 

vhere   tny  co/i-itgnts   of  antegratior;  are  zero  because  the quantities 
V ano _s  can contain no  constant  parts,   being   pure vibrrr"ior^s  th-'t 
may  or ma/ not  be  damped.     More  accurately,   the raeau  trajectory"' 
wita  reraeot  to Kiiich j£ and _^ aro  ~ea,sur€d   Is   so  defined  tliat 
X and _z  contain purely vibrational   terms.     Ta&  last  pair-  nf 
equations   shov that   initially  z is   zero,   and   tiat   tdp   initial 
Value   a,f  y   is . 

A   .,(-£_ -1) 
< 1 

n-i   + n^ 
=    . ,^l   (_i ^) 

o^    n-,n.   -' 
-LA 

=  AN ft io 
ind K... u A     o 

a3 before.  Tne inclusion of damping factors e"^^''^ can be shown 
not to :Tioaiiy tne last rcsurt if the X«s are small in r^omparison 
to tne n's. 

5« I-IG ..Yawing Mot Lon of a Bui.l't irired f--)-^ ar; Air-craft 
Uenote the initial angle of y:aa o:: b, . T-a ti^ie derivatlvps of 
ootn 5 and (p a-e initially ze-^), ar . ^taeratore it follovs froni 
tne aiagram in oection 3 that 

n,,a^ - n-,a, = 0 

vnence 

"1 " ".^^Q/^^^I - "2^ 

n^byCn^ - "2) a^ 

RI^STRICTED 
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i  v.u W X liJ. Wj. t.:.iJ 

initie-xlv, an.a thus froi; equations (lO) 

a. = (1 + P^)by2p^ 

Iritipll^r,  vhere  D     is  -'rhe  initial  V5,lue of  D.     NOV.' according  to 

ta^  discussion  in Se-^tion  j,   if  the   bailet  is   of the  type   (like 
A11  ^Jie  5!fiall  arms   bullets   studied,   and  the  37i^ro H5/   -x'ojectile) 
with  '•   slHtlo  crnping  iaotor  lor   botn pr'iqession a/^d  natation, 
it  lollo^/G   t!iat  s,   3iia  a^  are  given .i,t  all  tiiTies by 

^■'1 
^(1  -  ?.)o  /Zp 

O'     O' 

= o(l  +   n  )b  /2r' 

vnf: 
-P'. aP 

(13) 

The  value  of b^   is  ^^Iven by  ill),   fri.Ti vhicn  it  follow?  that  th 
ne&n value  of  b^,   av&>:';~';ed  eve;'  a   bir?^l6  period   of  6^,   is 

&^  =   e?   +   0^   ^-   ■       ■   ■    ' 

1  +   p" 
8     lO 

O ^ Li 

o s_-  1 (U) 

vher^^   s  ..is  the   initial  value  of  the   stability  f;ictor  s.. 

Ihe  stability   racto?\ _3  varies  along  tne  trajectory very 

as  1/u^   wnere u  is   tnt   re'u&ining ieioclty,   aiid  thuc 

closely 

p    =  1 - u'/u 
o   0 

aTiCliia'   in   xioyCT3   -ji   P 

2   _  ,.,a ?n   -    (;^/u   S^)(du/dPl   :=   +      
O o  o 

2p d' 

o (s^-ljia    ij 

iTKl'ltED 
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so 

^a^'      1 „   —2      i   K   P 

approxi;Tiately,   where   p     is   the air  cicnsity,   n is   the  inass,   d   i 

the  diarnetor,   '.MO K^^  is  the  clrng  coefficient.     Hence 

-2p^P(a + a») 

^'h^re  a is giver) by (11A) Hnd 

«' = .(./i)„ -S- . ^«) 

/scGordingly, 

o s - 1 • 
0 

6.  The Y^iw-erpfi Pffect.  T'le y^.v of the bullet has tvc effects 
upon the trajectory:  It renders the drag greater than it -v.-oulci 
be in the absence of JP^M,   ana it introduces tae   "windage ju-fip- 
evaluated.in section 4. lu.the present section ve cor.sider the 
effect upon the trajectory': of the Increased drag oocasioned by 
the vuotion about the center ^.f IMS.-.  The effect of the ''vinuage 
jump'' vill be conninerecl In the noxc section. 

Let £, r be rectangular axes fixch in tac air, with £ vertical 
er.d x horisortal, the plane ^, _r containing the line of departure 
(winccge .juaip being bere neglected) in the air, and the origin 
being the position of t;h#,,gun at the instant of flrlrg.  The 
equations' of motion of'the yaving bullet, &s influei-ceu by grfivity 
9nu drag, are 

G      _ 
q + p ^ (1 + b\^:^)q  + g = 0 

(17) 
G      — 

r + p p^ (1 + b%Jr = 0 
n 

if periodic terns are neglected whose mehn  values,, over tneir    ' 
periods, are ?ero ar^i vhose effects remain small at all ranges. 
Here p Is tne relative air density, G^ Is'the appropriate drag 

functio/i for zero yav, G^^ is . ta«.-ftppropri..tte ballistic coefficient, 

^D6^" ^^^  yav-drag coeffieient, £ is the acceleration of gravity, 

■ -11- fibcJTBICT^.D 
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h^   is  giveii   oy  equation   (16)   axid G     rn-iy be  evaluatc-d,   in acconi- 
dnce vith the Siacci  snoTorltLafj^on,   for the argairifent u = P.     As 
in   section 2,   p   nay  ce  givun  its  miiEzlc  vaiue.     Then  one has 

?  ~ r  sec  Q 

Q-r   tan  0     -  q 

M'aeve  Q    is  ttie  initial  inclination,   anc.  so  it  follo"ws  rro-Ti eo- 

uations   (17)   that 

fi   4-    pfP    (1   +    h'Kj    =0. (IB) 

Q - "If Q = g. (19) 

Tile   first  e'-nation,   (!";),     ^-J  Oo   ..ntograt-ed  at  once,   use  being  i;;ade 
of   (ib) .     One  obtaini-:   tn^-:   ecucaian 

n n o 

ivnere 

c   -   (a  +   ^-Oo^. 

Tho  syaa^ii   o^   u'^-nrt^c   tts^   ^t/.-r.C'.i.::  a(;r;sir;y,   0.07513   pounds  per 

cubic   foot,   :j::Ci   a^'isos  b-cause   tnf;  syTnbol   p,   in   t:ni3 Report 

aenotct  nil'  rier.sity;   wn i 1 e   uh-    symbol  p   .enot-as   tne relative  air 
density,   in  unit',  of  p^,     IJ^   ecu.tion   (70),   S   is  the  Siacci   "S'f 

function  of u.     The quaii^ity a  is  given  by equation  (llA),   ano. 
a'   by   (15) .     Let . •    . 

=   (f^  ^^/2u^ 

vhere f. anu x  i-re tne '/;=1UGS of f ana K ^.t standai'd density vnen 

"Che veiociry is u,.  Also, let 

= G (v )/2C  v ; • n^ o^'  no* 

and t;3en 

C :t C« + C"/(S^_ 1). ^ (20A) 

-12- 
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T!ie   c-?sc  v'ilue-  of K.^    at   present  availabii^;  appears  to be  anpro.- 
i.-natrly  I6.4.. 

The  i!i..tirl  /av:  J>  ,   to  tae accuracy vicii which the  theory 

or  the  yav'ing  rootion has   been  worKe-d out,   i:-   €.qu-. 1 to  its   SITJC, 
so  that 

hi  = v^(i -  sin^  2  cos'^  A)/u^ (<l) 

vhlle 

o o   s        o ^      ' 

v^nere   s     is  tie  value  of  toe  ;jtaDility-factor ^ nti;-^  the  nurizle 
of a stationary gun Ixi ■.ir of stRnaarci. density. For sny P, 
ecuation (20) allova S, ana henc?: u. to be deteriniijed. The 
eciuatio/i 

<9 

t  =1       (l/u)dP (23) 

3II0V.S t  to be oetermined by a quadrature, 

THe auxiliary equation of equatiori (19) is liue-.r in Q, c.nd 
(i-?) ;!i3.y bh in tegrstod ohce to obtain 

(24) 

Once  t  and Q ar-^-  uetorraiiiHa,   equations .(5) >   \<3) ,   and   VA)   niay be 
eifiployec   to determine  the  vertical and  lateral  beflr,ctloiiS,V 
and X,   .just  .f.s   for a  trajectory untlisturbod  by yav,   anJ  also  the 
r?nge  0« 

The   prece';Iing  results,   equations   ("0)   and {^./^   in   I'lflrticular, 
are  of  ^  gener^-l  type-first  obtainea  by R.   B.'hCent yind L.-'S. 
DenericKx.     Kf^ni  shoved hov  une  y&v?^ar3g  tcrni-coula  be  dealt vith 

RLCTHICTrb 
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bv the Gitcci L.et'ioa so '-s tc yield u in ter:ns of ?, through an 
enuation of the tvoe (^O).  Dcderick showed hov Q could be ob- 
tairitni in the for;n" of a uouble q-uaurature, (24).  The particular 
results "TTreserited here, however, are nev.  ForTierly it v^s 
thoupht that the oreccssionsl anci nutational da.viping rates for 
s:aali BTAh   bullet?, iucluninj^ ^7i(.^a.   were alfferent; trie nutational 
beirip supposed to be more rapid.  Thas Ir ,   in equation (1^) J ^='S 
given an'incorrect value instead of the value given by (16).  The 
constant c, in {20),   v;as also given an incorrect value.  These 
errors, first revealeo through aircraft firings conducted by 
Colonel Les]-ie i. Si.aon rnid the author (their experi-.'iental results 
have not yet been oablished) , O'^t^- bac-c to the paper 01 Fcvler 
et ai,. \dio as5un;ed ixiCorrL ctly that the value of y "-s so small 
a¥ to be negligible.  Here tne author has applied the elegant 
co'':putatior:al yroceaurcs of Kent and Dedericr: to a raore correctly 
specified yawing -otion. 

7.  The Effect of Windap-e JvL:ip Upon the Tra.lectory.  The windage 
juTip ,^  is sr:iall, and its effects rnay be appliea to tne trajectory 
by si.Tiple, ^.e b closely approximate, ruSthous.  Consider tne set of 
axes X', y'"^ 2' of section 2, at rest in the air.  The windage 
jurap changes tne direction of the line of aeparture by adeing to 
u , rf^garoed as a vector, a vector ec;ual nu'aerically to u^a and 

directed at right angles to the plane containing the z' axis and 
the bore of the gun, in s sense given by a right-handed rotation 
about the z' axis.  The abditional vector has direction cosines 

in the priueci systen, therefore, of -sin Z sin A/(l-sin^Z.cos^A) , 

cos Z/(l - sln^Z cos" A)^ , 0 aiul coh.pononts ecual to the nreced- 
ing uirection cosines .multiplied by u^A.  The windage jump tioes 

not alter the ^nairnitu-Je of u and thus the effect of the ju:ap is o 
to increase x, y, z, of the bullet by the -uantities: 

-?hsinZsinA/(l - sin'^Zcos'^A)^ , P,.\cosZ/(l - sin^Zcos^A)^ , 0. 

It follows that ^ is not altered, that r^ is increased by 
1. 

-P A sinA/(l - sin^Zcos^A)2 

and  that ^   is   increased by 
i 

? A  cosZcoSii/(l  -  sin^Zcos^A)2 . 

Since  one   is   concerned witli s:riall  angular  deflections,   the  effect 
of  the wir.aage   Jump  is   thus   to   increase   X and [i  hy  the  amounts,   in 
racians 

5 X = Y^ a  COSZCOSA/(1  -  sin"Zcos^A)2 

p - 5l^ =  -^ A   3inAy(l  -   sin^Zcos^A)2 

wailc the range, D, is not altered (to any significant extent). 

ri' STRICT? h 
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If one ir..';K:es use of e'^uation (12) for A, •■inti laakcs  use of 
equation (21) for u , one thus finds that the effects in raciiai 

of vinc.agG ju.'^p on tne horizontal anu vertical deflections are 

b X = b YT cosZcosA 
u^ o 

... (25) 

b y.=  -b Y" sinA w 

"o 

vnere 

^ "id K: • ••• ^^-^^ 

B.     CO'iiputing Procedures.  The sequence of operations is to find 
u^ by ecuation (1); b^ by (2l), in (raaians) "^ j s^ by (2,2); c by 

(20A); and then find the Siacci "S" by (20) .  From S,, u is found; 
then t  and Q are computed by quadratures in accordance vith (23) 
ana (24).  Then %, -q ,  C,  are found by equations (2); D by (3) if 
^ is not sufficiently accurate as an approxireation to D; and X 
and (JL by eouations (4).  ¥ith close accuracy under most conaitions, 
X and ji are given directly in mils-^- as the right-hand members of 
equations (4) multiplied by 1020. Finally, the effects of vindage 
jump, h\  and 5 p., are computed by equations (25) and added to X 
and jjL already co.Tiputed vithout juinp, in order to obtain the values 
with jump.  Equations (2 5) will yield values in mils directly if 
for b a value is used equal to the value given by (26) multiplied 
by 1020. 

In the preceding e^'uations, p always stands for the relative 
air density. 

The value of the constants s , c', c", b, a^^r are given below, 

for two gun-projectile combinations.  (l) is the Gal. O.5O AP M2 
projectile fired at 2700 feet per secoiid from rifling having a 
twist of one turn in 15 Inches.  (2) is the 37j:nm H.E. shell M54 
or practice projectile M55 v:ith P.D. fuze M56, fired at 2000 feet 
per second from rifling Having a tv,-ist of one turn in 25 calibers. 
The funaaifiental data have been furnished by H. P. Hitchcock. 

Combination     s„       0' c" b 
mil 

ft/sec 

rv^ 
^-1       ^^-1      mils 

(1) 2.17    .00208    .000076    45,800    16.4 

(2) '    2.39    .00172    .000066    38,000    16.4 

-»{jne mil is I/6I4OO revolutions. Iylji^/^tt    C^    ..4''^-^^, 
Theodore F. Gterne 
Major, Ord. Dept. 
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